Introduction
Throughout this paper, k[X] = k[x 1 , x 2 , . . . , x n ] is the polynomial ring in n variables over a field k.
Let R be a commutative ring and A an R-algebra. Recall that a set of R-linear endomorphisms D = {D n } KerD n .
Higher derivations and their kernels play an important role when we deal with some curves and affine surfaces. For example, a G a -action on an affine scheme X = Spec(A) can be interpreted in terms of a locally finite iterative higher derivation on A, and many things become easier to treat by observing the locally finite iterative higher derivation on A associated with the G a -action [4] . Recently, in [2] , [7] , [8] the kernels of higher derivations have been studied. In [3] , the structure of higher derivations is studied. In this short note, we prove the following results.
be a higher k-derivation on the polynomial ring k[X] over a field k and let
D is a finitely generated k-algebra if and only if k
In the case of derivations on k[X], similar results can be found in [5] .
Higher derivations under extension of fields
Moreover, if D is locally finite or iterative, then D ⊗ 1 is also locally finite or iterative, respectively.
P r o o f. It is obvious that
Moreover, D is locally finite, that is, for any a ∈ A there exists n ∈ N such that D m (a) = 0 for any m n. Define ν D (a) = n where n is the least integer such that D n−1 (a) = 0 and D m (a) = 0 for any m n. Note that any element of A ⊗ k k ′ is a finite sum of the form
Then for any m N ,
The kernel of D ⊗ 1 is closely related to the kernel of D.
P r o o f. It is obvious that k ′ is flat as a k-algebra. Then the exact sequences
of k-vector spaces induce the following exact sequences of k ′ -vector spaces:
Thus,
Note that if U, V are vector spaces and U 1 , U 2 are subspaces of U , then it is known (see for instance [6, Chapter 14: Tensor Products]) that
Therefore,
Lemma 2.3 ([5]).
A is a finitely generated algebra over k if and only if A ⊗ k k ′ is a finitely generated algebra over k ′ .
As a direct corollary of Proposition 2.2 and Lemma 2.3, we have
Corollary 2.4. Let k ⊆ k ′ be a field extension and let D = {D n } ∞ n=0 and D ⊗ 1 = {D n ⊗ 1} ∞ n=0 be higher derivations on A and A ⊗ k k ′ , respectively. Then
D is a finitely generated k-algebra if and only if (A ⊗ k k ′ ) D⊗1 is a finitely generated k ′ -algebra.
In most cases, we deal with higher derivations on polynomial rings. In that case, we can get the following theorem.
Kernels of higher k-derivations on k[X]
Recall that a polynomial
. Such a generative polynomial h f is unique up to affine transformations [1] . In [5] , it is shown that if d is a derivation of k[X] and f ∈ k [X] d is a nonconstant polynomial, then the generative polynomial h f of f also belongs to k [X] d , and hence, there is a set S of closed polynomials such that
Next we generalize such results to the case of higher derivations. It is clear that for any a ∈ A, a ∈ A D if and only if ϕ D (a) = a. We are now in a position to show the main result of this section.
D \ k and let h f be the generative polynomial of f . Then h f is a closed polynomial and there exists F (x) = a n x n +. . .
, where a i ∈ k and a n = 0, and we can assume that F has the minimal degree. Thus,
Applying ϕ D to the above equation, we obtain ϕ D (f ) = a n ϕ D (h f ) n + . . . + a 1 ϕ D (h f ) + a 0 . 
